We calculate the Kac determinant for the quasi-finite representation of W 1+∞ algebra up to level 8. It vanishes only when the central charge is integer. We give an algebraic construction of null states and propose the character formulae. The character of the Verma module is related to free fields in three dimensions which has rather exotic modular properties.
Introduction
In the study of loop algebras, the Kac determinant [1] played an essential role for understanding the detailed structure of the Hilbert space. In fact, historically we could not have constructed the minimal models if we had no knowledge about it. On the other hand, the Kac determinant of the W 1+∞ algebra has not been discussed so far. It was mainly due to the fact that infinitely many states possibly appear at each energy level, reflecting the infinite number of generators. Although we have explicit representations by free fields [2, 3] and we can even construct its full character formula in a special case of C = 1 [4, 5] , it remained a longstanding problem to classify all the possible representations.
Recently, Kac and Radul [6] overcame this difficulty of infiniteness, explicitly showing the prescription for getting finite number of non-vanishing states at each energy level. The representation thus obtained is called quasi-finite.
Now that we have finite number of states at each energy level, the natural step which should follow is the computation of the Kac determinant and the character. In this letter, we report our preliminary results on this subject. Our computation was carried out by using Mathematica package. We give the Kac determinant up to level 8, where 160 relevant states exist. We find that additional null states appear only when the central charge is integer, the case in which the representation can be realized by free fermions or bosonic ghosts [7] . After explaining the structure of null states, we then propose the character formulae which are consistent with the Kac determinant. Furthermore, we find that the character of the Verma module is related to the character of three-dimensional free field first given by Cardy [8] . The modular property of W 1+∞ algebra thus becomes rather exotic due to this nature.
Definitions of W 1+∞ algebra
Although there are some overlaps with our previous paper [7] , we recapitulate some definitions of W 1+∞ algebra and give a brief review of [6] to make this paper self-contained to some extent.
The classical algebra is generated by the polynomials of z and D ≡ z 
We call the quantum version of this algebra the W 1+∞ algebra. For each classical generator z r f (D), we denote the corresponding quantum generator by W (z r f (D)). The quantum algebra is different from the classical one (1) only in the additional central term,
where two-cocycle Ψ is defined by
These commutation relations can be written in a compact form: 
The basis given in [2] ,
where [ 
. One may immediately recognize that there are infinitely many generators at each energy level. A representation of W 1+∞ algebra is specified by its highest weight conditions,
Unlike other two dimensional algebras, there are infinitely many parameters ∆ k to specify the representation. In the quasi-finite representation, however, the number of relevant parameters is reduced to finite. It will be convenient to introduce,
This is the eigenvalue of the operator, W (−e xD ).
3 Quasi-Finite Representation and Character of Verma
Module
Kac and Radul studied the structure of the conditions to get finite number of nonvanishing states at each energy level. Their result may be summarized as follows.
1. For each level r , generators which annihilate the highest weight state should take the form,
•
only when the differences of any two distinct roots of b(w) = 0 are not integer.
For the proof of these statements, see reference [6] . The independent components of the non-vanishing W 1+∞ generators may be taken as
If the condition in the second item is satisfied, the number of level r non-vanishing generators is rK where K ≡ deg b(w). This observation immediately yields the character of the Verma module,
It already reveals one of essential features of the W 1+∞ algebra. A few years ago, Cardy wrote an interesting paper on the modular invariance in higher dimensions [8] . By using
as the dilatation generator in the radial direction, he shows that the partition function for the massless free fields in d dimensions is written as,
where D d (j) is the number of spherical harmonics with spin j on d − 1 sphere. For large j, it behaves as
From this viewpoint, the character of the Verma module (10) has three-dimensional nature. For this reason, its modular property is quite different from those of Virasoro or Kac-Moody minimal representations. In particular, the character itself is not modular covariant. However, if we write
and define a modified character,
then we can realize modular covariance even in three dimensions:
The second term on the right hand side may be regarded as Casimir energy term. We remark that it is not proportional to the central charge C but is related to the degree K of level one polynomial b(w). Later, we discuss the character formula for the degenerate representation (C =integer). In those cases, they are written by free fields in two dimensions. It illustrates the hybrid nature of W 1+∞ algebra.
Determinant Formula
After this preparation, we would like to present our result on the Kac determinant for quasi-finite representations. We examine the simplest situations, i.e., K = 1, 2, 3.
When K = 1, we write b(w) = w − λ, and thus (9) gives ∆(x) = C(e λx − 1)/(e x − 1).
In this case, the highest weight is parametrized by two constants C, λ. For the first three levels, the relevant ket states are,
Corresponding bra states may be given by changing z −r into z r .
In general, the number of relevant states grows as, χ(q) = 1 + q + 3 q 2 + 6 q 3 + 13 q 4 + 24 q 5 + 48 q 6 + 86 q 7 + 160 q 8 + 282 q 9 + 500 q 10 + · · ·
where the number of level m non-vanishing states is given by the coefficient of q m .
We compute the Kac determinant up to level 8:
We remark that λ-dependent terms disappear in the final expression due to nontrivial cancellations. In the next section, we will explain why it happens resorting to the spectral flow argument. The maximal power of C in det[m] is given by the coefficient of q m in
When K = 2, b(w) = (w − λ 1 )(w − λ 2 ) and we may parametrize the solution of the differential equation as
The number of relevant states are generated by χ(q) 2 . We calculate the determinant up to level 4. The final result is,
In this case, λ 1 and λ 2 appear only through their difference, λ 1 − λ 2 , which will also be explained by spectral flow. In the previous section, we noted that something special happens when the difference of the roots is integer. We can observe it explicitly by the appearance of zeros in the determinant. When two spins are identical, λ 1 = λ 2 , ∆(x) becomes (C(e λx − 1) + p 1 xe λx )/(e x − 1).
We may obtain the determinant formula for this case by writing,
, λ 2 = λ, and by taking a limit M → ∞ [7] . Although there are many other ways to reproduce the formula for ∆(x), the Kac determinant itself does not depend on them,
We note that they have no dependence on C or λ.
Finally when K = 3, b(w) = (w − λ 1 )(w − λ 2 )(w − λ 3 ), the eigenvalues are given by
The number of relevant states is given by generating function χ(q) 3 . The Kac determinant for the first two levels are,
When the λ i 's are identical, the generating function becomes,
This solution can be derived by putting
2M 2 p 1 , and taking a limit M → ∞. Again, there are many other ways to get the same limit, while the Kac determinant itself does not depend on them,
Not that they are free of other parameters (λ, C, p 1 ). By inspecting these formulae, one may summarize the properties of the Kac determinant for the quasi-finite representation of W 1+∞ algebra as follows:
1. The determinant is always factorized into two parts. The first depends only on C and the second on λ i − λ j .
2. The additional null states appear only when C is integer or λ i − λ j is integer.
3. When some λ i 's are identical, only the top component of p K (x) in (9) is relevant to the Kac determinant. In particular, when it does not vanish, there are no additional null states.
Spectral Flow
In the previous section, we see that the Kac determinants depend only on the difference between the parameters λ i . This fact is naturally understood if we notice the existence of one parameter family of automorphisms (spectral flow) in W 1+∞ algebra [2] .
The transformation rule is given by
where λ is an arbitrary parameter. For lower components, for example, it is expressed as
One can easily show that W λ (·) satisfies the same commutation relation with (4). Furthermore, a highest weight state |Λ with respect to the original generators
is also a highest weight state with respect to the new generators W λ (z r D k ), while the minimal polynomial b(w) and the weight ∆(x) are replaced, respectively, by b(w − λ) and
This implies that the spectral flow transforms λ i into λ i + λ. On the other hand, any automorphism does not change determinants. Thus, we conclude that the Kac determinant depends on the λ ′ i s only through their differences.
Characters for Degenerate Representations
From the Kac determinant, we can extract the information on null states in the Verma module with integer central charges. From the preceding discussions, it is plausible to assume the following form of Kac determinant for K = 1, b(w) = w − λ:
where φ(n, N) is the number of null states at level N in the C = n highest weight representation. Comparing the character of the Verma module, one may derive,
We now would like to propose the character formulae for C = n ≥ −1 degenerate representation with b(w) = w − λ, which is consistent with the Kac determinant above:
Recall that the former describes the n free-fermion system, while the latter the bosonic ghost. Actually, in these cases we can construct the full character formula as will be shown later, and (30) is obtained from the full character by restricting it such as counting the conformal weight only. We here mention a remarkable similarity between the C = 1 and C = −1 characters. In fact, a short calculation shows the following equations:
They may suggest that there exists a general correspondence between bosonic and fermionic characters. The character formula (29) is a simple consequence of the following observation: The representation space of W 1+∞ algebra with C = n > 0, is generated by
We confirmed this statement for all generators in the case of C = 1, and for lower generators in the case of C = 2. Although we have no rigorous proof at this stage, (29) is consistent with the Kac determinant obtained above. In the appendix, we describe the general structure of null states for the free field theories. The character formula (30) for C = −1 is rigorously proved as follows. Since we have already demonstrated the spectral flow, we can restrict ourselves to the simplest case, b(w) = w. We follow the argument of [5] : The basis of the representation space are
Thus, the full character is calculated as
from which the character (30) is obtained as
Here we have used the character of W ∞ algebra with c = 2 [4] .
Future Issues
In this letter, we examined the Kac determinant of W 1+∞ algebra for the first few levels. Although the information we obtained is still restricted, it helps us to understand the structure of degenerate representations and their characters. In particular, our result seems to suggest that non-trivial representation happens only when C is an integer. There are many things which are worth thorough investigation. As mathematical problems, besides the completion of rigorous proofs for the above formulae on the Kac determinants and characters, it must be interesting to investigate the system where λ i −λ j is integer. As problems of physics, we should clarify the role of W 1+∞ algebra in threedimensional systems, and the origin of the disappearance of the modular invariance in ordinary sense. We hope to report on the above subjects in our future issues.
(E(r i , s j )) is a product of the m × n matrix (b (α) r i ) and the n × m matrix (c (α) s j ). If m > n, det ± vanishes since the matrix (E(r i , s j )) becomes a projection operator.
From this observation, the appearance of first null state for the fermionic case should occur at level n + 1 for C = n and at level (n + 1)
2 for the bosonic case C = −n. We can easily confirm it in our determinant formula.
